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ON APPEL’S EQUATIONS IN NONLINEAR QUASI-ACCELERATIONS
AND QUASI-VELOCITIES”

Iu.G. ISPOLOV

Quasi-velocities and quasi-accelerations linked by nonlinear relations to general-
ized velocities and derivatives of quasi~-velocities respectively, are proposed for
defining motions of a mechanical system. It is shown that the equations of motion
in terms of nonlinear quasi-accelerations and gquasi-velocities can be of the form

of Appel's equations. Equations of motion of a natural trihedron of a material
point trajectory is presented as an example.

1. The motion of a mechanical system with n degrees of freedom, and ideal and holonomic
constraints is considered. The configuration of system is defined in independent generaliz—
ed coordinates ¢= {g. ... ¢l

In conformity with /1-—4/ and others, we introduce quasi-velocities o= {w;, ..., @a} to
enable us to represent generalized velocities in the form of functions of quasi-velocities,
generalized coordinates, and time. We also introduce quasi-accelerations e == {g,...,&;) linked

by nonlinear relations with derivatives of quasi-velocities, and alsco with quasi-velocities,
generalized coordinates, and time, using formulas

g =F{o, gt o =9 v, g1 (1.1)
The Jacobians |4f/éw| and |d¢/ée| are assumed nonzero.
Note that usually quasi-accelerations are simply called derivatives of quasi-velocities.
The introduction of quasi-accelerations by the second of relation (1.1) offers new possibil-
ities in the composition of equations of motion.
The Gauss principle is used for deriving the equations of motion
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where terms not containing quasi-accelerations have been omitted.
Note that
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Virtual accelerations are obtained using the virtual quasi~accelerations
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Transformation of Eg. (l.2) yields
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where Sis the energy of accelerations and @, are the generalized forces that correspond to
quasi~accelerations e.
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Noting that &8¢ is an arbitrary vector, we have the equations of motion in Appel's form
in terms of nonlinear quasi-accelerations and quasi-velocities

280 = Q, (1.4)

2. Example. Motion of the natural trihedron of a material point traject-
ory /5/. ©Position of the point is determined in Cartesian coordinates =z, y,z. The quasi-
velocities o = {V, 2, p} and quasi-accelerations & = {w; Q,, v} are defined by the equations

== Veospeosh, y == Vsinp, z' = —V cos psin A (2.1)
V' = w, —A cospsinv - p cosv = Qp (2.2)
Alcospcosv 4 usinv =0

where V is the projection of the point velocity vector on the tangent to the trajectory, A is
the heading angle, p is the angle of climb, w_ is the tangential acceleration, €, is the pro-
jection of angular velocity vector of the natural trihedron of the trajectory on the binormal,
and v is one of the angles that define the natural trihedron orientation.

The last of Eqgs. (2.2) represents the condition of zero projection of the angular velocity
vector of the natural trihedron on the normal to the trajectory. Solving Egs.(2.2) for deri-
vatives of quasi-velocities we obtain

Vo= wy, A= —Q,sinvleos u, pT= Qpcosv (2.3)
The energy of accelerations and generalized forces

S=m (@t 4yt 2 = om (w2 - V2
Que = Fe Qﬂb = VFy, Q, = VQuF,

where F., F,, F, are projections of the force applied to the material point on the tangent, the
normal, and the binormal.
Appel's eqguations in nonlinear quasi-accelerations and quasi-velocities are of the form

mwy = Fo, mVQy = Fp, 0= Iy (2.4)

which are the same as the well-known equations of motion of the natural trihedron /5/. They
must be considered together with formulas (2.1) and (2.3).
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